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Two dimensional conformal field theories l ) give us very powerful techniques in the determination of the universality classes (olE two dimensional critical statistical systems_ They are characterized by several parameters: a central charge c of the Virasoro algebra, conformal dimensions (hi, h;) of primary fields and structure constants ct of the operator product algebra among primary fields_ Unitarity,z),3) modular invariance 4 )-8) and the associativity of an operator product algebra 9H6 ) impose strong restrictions on the allowed values of these parameters_ Fusion rules of chiral fields also play an important role.l7)-20) They are a commutative and associative algebra among primary fields: (1) Here fusion coefficients N/j are non-negative integers and can be interpreted as the number of independent fusion paths from cPi and cPj to cPk. 17 ) Fusion niles of physical fields (fields with both left and right chiral components) are much more important because they determine interactions among physical fields_ In the previous paper we showed the breakdown of the associativity of the naive fusion rule (see below) of physical fields for a modular invariant Es-type conformal field theory and gave associative modifications ·of this naive fusion rule.2l)
In this paper we calculate associative fusion coefficients of physical fields for a -modular invariant E 7 -type conformal field theory_ The E7-model is constructed by tensoring two sets of level =k=16 Al(l) Kac-Moody algebra, each of which corresponds to left and right chiral component, respectively. It contains 17 primary fields: (8, 0) , (8, 8) , (2, 2) , (2, 6) , (6, 2) , (6, 6) , (3, 3) , (3, 5) , (5, 3) , (5, 5) , (1, 4) , (7, 4) , (4, 1) , (4, 7) , (4, 4)}. (2) Here a and b represent isospins in left and right sectors, respectively_ The modular invariant partition function is (3) The fusion rule of chiral fields for the level=k A1(l) Kac-Moody algebra was originally derived by considering the differential equations induced by null states in Ref. 22 ) as l,m,n,E{o, ~,1, ... , ;}, (4) and n -1/-ml in the first summation must be an integer. This fusion rule can also be derived by using Verlinde's formula.
)-20)
The fusion rule for the physical fields @(a, b) can be constructed from (4) in the following way (naive fusion rule):
where
(5) (6) This is a naturally extended fusion rule as it has a direct product form of the fusion rules of left and right chiral components. Moreover this gives associative fusion rule for A and D series conformal field theories. This naive fusion rule, however, is not associative for E7 (and also E6 and E8) type conformal field theory. A product @(1, 4) X @(1, 4) X @(2, 2) gives us an example showing the breakdown of the associativity. Indeed, on one hand
and on the other hand
+3@(1,4)+2@(4, 1)+2@(4, 7)+4@(4, 4). (7) (8)
Then the naive fusion rule must be changed. Although there might be another way, here we introduce further restrictions and replace the fusion coefficient N/%:t{ (C,d) in (5) with the following new one: (9) where the Ai~:{l(c,d) are 0 or 1. We determine Ai~;{l(c,d) or 'Jll~:{h,d) under the requirements of the associativity of the modified fusion rule
In determining the 'Jll~:{\(C,d), the following properties of the ~(a, b) are important:
(i) ~(O, 0) is an identity operator. This means (10) (ii) All ~(a, b) are self-conjugate. So we can fix a normalization of ~(a, b) as (11) Owing to these natures, the 'Jl!~:{l(C,d) are totally symmetric with respect to three pairs of indices; (a, 
b), (c, d) and (e, f). In what follows, we use the notation 'Jl(a,b)(C,d)(e,f).
(iii) There exists a symmetry represented by
As a result of (12), we have
From this equation, the following identities are derived:
Then there exist 82 independent 'Jl(a,b)(C,d)(e,f). This number, however, is easily reduced by checking the associativity including ~(O, 8). For example,
By equating (15) and (16), we obtain The second example is 
From (19) and (20) :' J1 (2,2)(2,2)(4,4) =:'J1 (2,2)(2,6)(4,4) .
After similar investigations, there remain 32 independent :' J1 (a,b)(c,d)(e,f)
A = :' J1 (2,2)(2,2)(2,2) =:'J1 ( 
Solutions I and II are left-right symmetric and III and IV are asymmetric. By exchanging left and right sectors, naII?-ely,
Solutions III and IV are interchanged. The structure constants for the E 7-type conformal field theory have already been calculated by several people.
Relations between the structure constants ct and fusion coefficients N/j are not clear but there is at least one definite statement; ct=O if and only if corresponding N/j=0.20) Our Solutions I-IV give, however, more stringent restrictions on ct compared to the previous results. Namely our solutions suggest much more structure constants must be put equal to 0. The origin of this discrepancy is now under investigation.
In the Es-type conformal field theory, there exists a larger symmetry23),24) and fusion rule has a very simple (Ising model type) structure. 21 ) Although no such a larger symmetry is known for Edype conformal field theory, the fusion rules we obtained here (Solutions I-IV) have a rather simple common structure. In order to see this structure, let us introduce the notation (J)[, 1=0,2,3, X, Y as follows:
2(J)y= (J)(4, 4).
Then the (J)[ satisfy the following simple fusion rule: and right sectors. The naive fusion rule (5), which was constructed from the one for the AI(I) Kac-Moody algebra (4), was not associative and we have introduced further restrictions in order to make it associative. The problem we consider here is whether there exists a fusion rule or not, from which Solutions I-IV can be regarded to be constructed by naive extension. In the case of the E 6-type conformal field theory, there indeed exists such a fusion rule for some (but not all) solutions. 21 ) Here we consider a product @ (3, 3) x @(3, 3): 
As is easily shown, any ansatz for a fusion rule of chiral fields (/>3 X ¢3 leads contradiction with Eq. (29). It might be indispensable to introduce further quantum number which distinguishes two isospin 4 states in order to factorize our fusion rule, as is already discussed in Refs. 12) and 19).
